Abstract DC motor drives are widely used in many devices in mechatronics and industry. Since the performance of these motors depends on their angular velocity, there are some interesting phenomena originating from the counter-action of the drive and the driven mechanical system.
Introduction
Mechanical systems with electric motor driven eccentric rotors are widely used in mechatronics and in the industry. Common applications are industrial shakers and vibromotors of compacting machines, conveyors etc. Of course, in some devices unwanted eccentricity occurs as well, such as in optical drives or centrifuges.
Self-synchronization of such systems occurs, if the rotating speed of more rotors becomes equal. This synchronization can be generated by the driving voltage, by control methods of driving motors, or by auto-synchronization of the eccentric rotors [1] . Auto-synchronization or self-synchronization is caused by mechanical coupling between subsystems. Its first scientific mention was made by Christiaan Huygens in the 17 th century [2] , who experienced the synchronization of pendulum clocks.
Since self-synchronization is required in some systems (e.g. industrial shakers with two rotors, that are turning in opposite direction), and has to avoided in some other cases (e.g. industrial machines grounded on the same basement, where selfsynchronization can lead to heavy overloads of the industrial building), investigation of this mechanical synchronization is essential.
Since the work of Huygens the synchronization phenomena attracted the attention of many scientists. In the work of Blekhman et al. [3] a general definition of the selfsynchronization is given, and some applications and numerical simulations are showed. Nijmeijer reviewed the synchronization from a dynamical control perspective [4] . Wen et al. developed a mechanical model with two eccentric rotors rotating in the same direction, and showed a control method to achieve synchronization [5] . They also investigated stability and bifurcation behaviour of self-synchronization [6] .
The aim of this paper is to describe a mechanical model with two eccentric and coaxial rotors, which are driven by DC motors. The model considers only plane motion of the base mass, which the rotors are attached to. The paper shows two phenomena, the self-synchronization in this system, and the changed performance of the DC motors near to the resonance of the mechanical system. After the Introduction, Section 2 describes the developed mechanical model, the equations of motion and the stationary solution of the equations of motion. Then, in Section 3 and 4 the behaviour near to the resonance and the self-synchronization of the system are showed, respectively. In Section 5 some conclusions are summarized for the investigated model.
Mechanical model and equations of motion othe twin-rotor system
In Fig. 1 the moving mass m is modelled, which is excited by two eccentric rotors. The mass is suspended isotropic with spring stiffness k and damping coefficient c in both planar directions. The position of the centre of the moving mass C is described by the polar coordinates a and ϑ with respect to the fixed point O of the absolute system. The rotors are driven by DC motors with same electrical and mechanical parameters. The motors are acting with torques T 1 and T 2 on the rotors. The mass, the mass moment of inertia and the eccentricity of the rotors are m 0 , J 0 and e, respectively. The angular positions of the rotors can be described by the angular position of the common bisector ϕ, and the half of the phase angle between the rotors δ. So we get a four-degree-of-freedom model, where we calculate the torques of the DC motors from the stationary motor performance:
In Equation (1) k t , k e and R are the torque constant, the speed constant and the electric resistance of the motor, respectively, u is the driving voltage and ω is the angular velocity of the rotor. Considering parameter sets of common mechatronical systems, the electrical dynamics of the DC motors can be neglected, since electric transients decay much faster than mechanical ones.
Equations of motion
We obtain the equations of motion by the Lagrangian equation of the second kind. The kinetic-and potential energy of the system and the power of the external forces are given by the following forms:
Considering, that
and
After that, we can derive the dimensionless equations of motion:
where primes denote derivatives with respect to the dimensionless time τ. The dimensionless generalized coordinates and input voltages are as follows:
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The parameters used for the dimensionless equations are:
Here we can see, that α and ζ are natural angular frequency and damping ratio of the suspended mass m. L 0 is the distance of the common centre of mass from point C if the phase angle between the two rotors is zero. From the equations of motion one can see, that the dynamic behaviour depends on three parameters: on the damping ratio ζ, on k 1 , which comes from the mass moment of inertia of the rotors and on κ, which contains electrical parameters of the driving motors.
Stationary motions
As self-synchronization can only occur, if the system achieves its stationary state, we have to investigate stationary motions of the described model. Assuming, that the stationary values of the generalized coordinates A 0 , Θ 0 and ∆ 0 are constant, respectively, and the first derivative of Φ is constant λ, we get the following equations:
This means, that the phase angle between the two rotors and the common angular velocity are constant, and the motion of the base follows the motion of the rotors with some phase delay and constant amplitude. We consider, that in the dimensionless case the first derivative of Φ equals to the frequency ratio of the eccentric excited system, so we can use instead of Φ' the frequency ratio λ=ϕ'/α. From equations (eq8.a-b) we can derive the amplitude and phase delay of the motion of point C of the moving mass:
which are the well known formulae for eccentric excited oscillations [7] . Furthermore, we can derive the formulae for the sum and difference of the input voltages, which we need to achieve the stationary motion for a given frequency ratio and phase shift:
From equations 10 and 11 it is obvious, that for every frequency ratio and phase shift there exists a stationary motion. Fig. 2 and Fig. 3 shows how the dynamic behaviour depends on the parameters ∆ 0 and λ. The characteristic peek at λ=1 in Fig. 2 decreases with growing damping of the suspension. 
DC motor performance in resonance
Eq. (10) explains an important mechanical phenomenon. If a DC motor with eccentric rotor is driven over resonance, the high power consumption of the vibrations near to the resonance hinders the speed up of the rotor. Furthermore, if the driving voltage of the DC motor is limited, higher angular velocities possibly cannot be reached. In the presented mechanical model the ∆ 0 = 0 case corresponds to the one rotor system. In Figure  4 a simulation is showed for this case, where the phase shift is fixed to zero. The driving voltages are increased to drive the rotors over the resonance frequency, and then decreased to zero. In Fig. 4 the first panel shows the vertical dimensionless displacement of the moving mass. The amplitude of the vibration shows a nonlinear-oscillator-like behaviour, however the system does not contain any nonlinear element. This could be important for systems, where nonlinear behaviour with unknown reason is experienced. Fig. 5 shows the same simulation results comparing to the analytical solution of the stationary motions. Here we can see, that in a given range for one voltage sum value there exists one stable and one unstable stationary motion. After reaching the positive or negative peek voltage sum the system is jumping from one to the other stable solution.
Self-synchronization
Without investigating the stability of the stationary motions given by equations (10) and (11) there are some general facts.
If the difference between driving voltages is zero, below the resonance frequency the system tends to stabilize itself at ∆ 0 = 0, where the rotors are in the same phase. Above the res- onance frequency, the motion is stable at ∆ 0 = π/2, where the rotors are in opposite phase. In Fig. 6 , simulation results can be seen for equally increasing driving voltages. After reaching and exceeding resonance frequency, the phase shift δ is jumping from zero to -π/2 with some transient. These observations correspond to the behaviour of passive ball balancers [1] .
In case of nonzero difference between driving voltages the stationary phase shift between the rotors can be adjusted, however at one point the system becomes unstable, and the self synchronization disappears. In Fig. 7 the effect of nonzero driving voltage difference is showed over resonance frequency. The robustness of the stability of the stationary motions depends on the system parameters ζ, k 1 , and κ, and on the working point, which is characterized by λ and ∆ 0 . In Fig. 7 , the time history of a simulation with nonzero difference between driving voltages is showed. At the point, where the voltage difference becomes nonzero, the phase difference is jumping after some transient from π/2 to another constant value.
Conclusions
In this paper, a mechanical model was showed with two, DC motor driven eccentric rotors, exciting an in-plane moving mass. Considering the stationary motions of the system we showed, that the DC motor performance changes over resonance, and in some cases the power consumption of vibrations can hinder the speed up of eccentric rotors. Furthermore, we proved that there exists a stationary motion for every phase angle and synchronous angular velocity of the rotors. The stability of these stationary motions depends on the system parameters, phase angle and frequency ratio. Generally, the system tends to stabilize itself below the resonance frequency of the base mass at zero phase angle, and above the resonance at ∆ 0 = π/2. Thus, it shows some analogy with the passive automatic ball balancer.
